This paper deals with a stochastic stability concept for discretetime Markovian jump linear systems. The random jump parameter is associated to changes between the system operation modes due to failures or repairs, which can be well described by an underlying finitestate Markov chain. In the model studied, a fixed number of failures or repairs is accepted, after which, the system is brought to a halt for maintenance or for replacement. The usual concepts of stochastic stability are related to pure infinite horizon problems, and are not appropriate in this scenario. A new stability concept is introduced, named stochastic s-stability that is tailored t o the present setting. Necessary and sufficient conditions to ensure the stochastic 7-stability are provided, and the almost sure stability concept associated with this class of processes is also addressed. The paper also develop an equivalence among second order concepts that parallels the results for infinite horizon problems.
Introduction
The study of stochastic stability of jump linear systems has attracted the attention of an increasing number of researchers. Ji and Chizeck in [l] provided necessary and sufficient conditions t o ensure second moment stochastic stability of systems (1) and (2). Ji, Chizeck, Feng and Loparo in [2], established the eqnivalence among various second moment stochastic stability concepts, and the relation of these with almost sure stability. Costa and Fkagoso in 131, using Kronecker product, obtained necessary and sufficient conditions for mean square stability of these systems with additive noise included. Based on a stochastic version of the Lyapunov's second method, Fang in 141, presented sufficient conditions for the almost sure stability of (1) and (2). Some less conservative conditions were derived by Li, Soh and Wen in 151.
Several stochastic stability concepts can be found in the literature; however, for the class of systems treated here those stochastic stability concepts are not de quate. Consider a discrete-time linear system subject t o abrupt parameter changes, caused by failures or repairs that can be modelled via a discrete-time finitestate Markov chain. This class of systems is known in the literature as discrete-time Markovian jump linear systems (MJLS). A situation of interest arises when one studies this class of systems until the occurrence of a random event 7, more specifically, a stopping time 7 of the joint process {Zk, &; k 2 0) modelled by (1) and (2). The stopping time 7 may represent interesting situations from the point of view of applications. For instance, 7 can be the accumulated n-th failure and repair of the system. In an other situation, T can represent the occurrence of a "crucial failure", (which may occur after a random number of failures). In both situations the system will be paralyzed after this event and the future behaviour is of no concern.
In this scenario, the usual stochastic stability concepts are not adequate, since they are suitable for infinite time horizon problems, but not for problems with unbounded but finite horizon defined by a stopping time as in the present setting. In this paper we propose a new stochastic stability concept associated with a class of stopping times of the joint process {Xk, 6'k; k 2 0) for systems (1) and (2), called stochastic 7-stability. It will be shown that every stochastic stable system is 7-stable, but the converse is not true.
Notation and P r o b l e m Formulation
Throughout this paper, the following notation is adopted. W" denotes the n-dimensional real space and MmX" (M") is the normed linear space of all m x n (m x m) real matrices. The transpose of matrix U is indicated by U' and a nonnegative definite matrix (positive definite) is represented by U 2 0 (U > 0). Thus, the closed convex (opened) of all the nonnegative definite (positive definite) matrices in M" is de- 
This work is organized as follows. In Section 3 Theorem 1 gives necessary and sufficient conditions to ensure the stochastic r-stability. The equivalence among r-stability concepts presented in Definition 1 is e s t a b lished in Section 4. The almost sure r-stability concept is discussed in Section 5 and, finally, in Section 6 the conclusions are presented.
Stochastic r-Stability
In this section, necessary and sufficient conditions for the r-stability are given. Initially, let ns define the se-
In the remaining of this work, we assume that r = T,
for Some < N . The lemma be wed as support; the proof is omitted. For notational simplicity
(2) Let ns assume that 0 < pi; < 1 for all i E X. The set X comprises the various operation modes of the system (1) and for each 0k = i E E, the matrix As, E Mn (associated to y -t h mode), will he assigned as As, := Ai. We mention that As, may encompasses be identified T. jump dependent linear controls of type Ge,Xk. This class of stochastic systems is associated to systems subject t o failures in their components or connections according to a Markov chain. The situation that we are interested in arises when one wishes to study the stability of such a system until the occurrence of a fixed number N of failures and repairs. The paper recognizes the sequence of {3k}-stopping times containing the successive times of the occurrence of such failures and then it studies the stability of systems (1) and (2) according to these stopping times. Let us introduce first the concepts of second moment r-stochastic stability. 
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holds. Therefore, the MJLS S is r-SS, since P, S E M"+. Now, for the sake of an induction argument, let us assume that T = T,, and the inequality holds. Thus, Now, for 7 = T,+1, one has that and applying the homogeneity property to the exprasion above, it follows that 
H
Although the stability of each operation mode is neither necessary nor sufficient for stochastic stability of systems (l), as pointed out by Ji and Chizeck [l] (see also [3]), the stability of the p:PA; for each i is a uecessary condition to ensure this stability notion. Hence, for MJLS associated to the present stability problem, the condition (iii) of the r-stability in Theorem 1 is less restrictive. In fact, for such systems it can be shown that stochastic stability, as established in 111, implies stochastic 7-stability, but the converse is not generally true. This is illustrated in the next example. 
Example 1 Consider a two f o m scalar MJLS S

Equivalence of Stochastic r-Stability Concepts
In this section a result concerning the equivalence among stochastic 7-stability concepts is proved. Consider
where tn = XT, and $" = Or,, for n = 1 , . Hence, (4) provides that ,(a;) < 1,Vi E X and therefore, the system is 7-SS. The stochastic stability of discrete-time Markovian jump linear systems limited to the occurrence of a random event r is studied here. The event represents the occurrence of a fixed number of failures, after which the system is paralyzed. In many situations r can represent the entry of the modeled process into an irreparable condition or into a serious operation degrade. Although in the literature there exists stochastic stability concepts for MJLS systems in general, previous notions show to be excessively conservat,ive. In this sense the concept of stochastic r-stability developed here is more adequate to the deal with the stability in the formulated problem. We demonstrate that the concept is less conservative, and it is associated with a condition that is necessary but not sufficient for stochastic stability in the standard infinite horizon scenario as noted by Ji and Chizeck in 111. The related concept of almost sure stability is also studied here.
In this section the almost sure r-stability concept is introduced and Theorem 3 states that second moment T-stability implies almost sure 7-stability. 
